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|1 —a)z+aTz—y|? < |z —y|* —a(l—a)|Tz—=|?.

EP TR, Ty=y, L a>0.
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|1 —a)u+av|® = (1—a)|ul®+alv]?* — a(l —a) v —ul.

o JEFIRMLH o] < ul, AmEH P ER;

o v—u=Tr—z, BIFFRNITENKEMR;
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Je 4k calc iR : B S5 EHERA LT E N 42

have h_expand :

I(1-a) e (x-y) +as(Txy)|"2=
(1-a) " [Ix-yll "2 +a* |Tx-y| ~ 2
-a* (1-a) " (T x-y)-(x-y)|| * 2 :=by

rw [« real_inner_self eq_norm_sq ...]

simp only [inner_add_left, inner_add_right,

inner_sub_left, inner_sub_right,
real_inner_smul_right, real_inner_comm]
ring
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X BAR: AEHARABTRIHERALT L T

variable {H : Type*} [NormedAddCommGroup H] [InnerProductSpace R H]

inner_ bound
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o FHH «— A A o LKA, ZATRFX;
o MARGY I M T e Cauchy-Schwarz & P} #2% ;
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inner norm: A JUT % A

At 32 B &,
> = (uu) = HNEHEF — IHZAIMEL.

WHEH KT : 1 A real_inner_self_eq_norm_sq;
PNARETF: ik, Wik, MRS FHIEK;
RXAL—: & FF AR IRE,
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inner_norm: 4% 5% IAXAL

open Lean Elab Tactic
namespace LeanHilbert

elab "inner_norm" : tactic => do
evalTactic (< *(tactic|

simp only [« real_inner_self_eq_norm_sq,
inner_add_left, inner_add_right, inner_sub_left, inner_sub_right,
inner_neg_left, inner_neg_right, real_inner_smul_left,
real_inner_smul_right, real_inner_comm, inner_zero_left,
inner_zero_right, smul_eq_mul, neg_mul, mul_neg] <;>

ring))

end LeanHilbert

simp only % FTi&EXLRFNE S, ring 7 54K JT—1L,
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inner_bound: %&£EBEAREF, BALSTIR

O HME: AErEmEHMIENR. =ATLF KA. Cauchy-Schwarz £ T F;
® 84 /Z: A P vAinner_bound [hy, .., hy] % €4 %, tactic B 30 #-F 7 P4 3
5 nlinarith Bx &4 32,

o — AN AZK 2| <|yl=|z|* <y
o ZAL iR FeMEAERTEF R RS54,
e [ tactic FR4F 45 F L HIME &bt A P 2 K44,

2.
’

Is.jlu.edu.cn & 15 5 A AR A4 7 0] 6 P AR— 6 24K 1 Tactic EAE, BREL, KRS




inner_bound: %S 52 IAKA

syntax "inner_bound" (" [" term,* "]")? : tactic

elab_rules : tactic
| \ (tactic| inner_bound) => do
evalTactic (« \ (tactic|

first | positivity | exact norm_add_le _ _ | exact norm_sub_le _ _

| exact real_inner_le_norm _ _
| exact neg_norm_mul_norm_le_real_inner __))

| \ (tactic| inner_bound [$bound]) => do
evalTactic (« \ (tactic|

first | positivity | exact norm_add_le _ _ | exact norm_sub_le _ _

| exact real_inner_le_norm _ _
| exact neg_norm_mul_norm_le_real_inner __
| exact norm_sq_le_norm_sq_of_le __$bound
| nlinarith [$bound]))
| (tactic| inner_bound [$bounds,*]) => do
evalTactic (« \ (tactic|

first | positivity | exact norm_add_le _ _ | exact norm_sub_le _ _

| exact real_inner_le_norm _ _
| exact neg_norm_mul_norm_le_real_inner __
| nlinarith [$bounds,*]))

first #A2E . F RN L LR 2K
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inner_ norm: WXL (—)

import LeanHilbert.InnerNorm
open LeanHilbert
variable {H : Type*} [NormedAddCommGroup H] [InnerProductSpace R H]
example (xy:H) (a: R):
laex+(1-a)eyl|*2+a™(1-a)" |Ix-yl| 2=
a*|Ilxl||*2+(1-a)" [lyll * 2:=by

inner_norm

example (xy:H) :||x+y|| "2+ |x-y|[|*2=2%|x||*2+ 2" |ly|]| * 2:=by
inner_norm

example (xy:H) (ab:R):
laex+bey||~2=
ar2*|x|*2+2%a*b*innerRxy+b"2*|y|| *2:=by
inner_norm
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inner_norm: WXL (=)

example (xyz:H) (abc:R):
laex+bey+cez|r2=
ar2*|x|*2+b 2 |yl *24+ch27 |z 22 +
2*a*b*innerRxy+2*a*c*innerRxz+2*b*c*innerRyz:=by
inner_norm

example (xyz:H) (abc:R):
laex+bey+cez|*2=
lzll 2% c*c+a*a* x| *2+b* Iyl ~2*b+
innerRyx*b*2*a+c*innerRzx*a*2+
b*c*2*innerRzy:=by
inner_norm

example (xy:H) :inner Rxy=(|lx+y|[*2-||x-y|| *2) /4 :=Dby
inner_norm

example (xyz:H) (abc:R):
lae(x-y)+be(y-z)+ce(z-0)||"2=
@-o9r2x[["2+(b-a)" 2" |lyll "2+ (c-b) 2" |lz]| * 2 +
2*(@-c)*(b-a)*innerRxy+
2*(a-c)*(c-b) *innerRxz+
2*(b-a)* (c-b) *inner Ryz:=by
inner_norm
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inner_bound: X AX4 (—)

import LeanHilbert.InnerBound
open LeanHilbert
variable {H : Type*} [NormedAddCommGroup H] [InnerProductSpace R H]

example (x: H): 0 < ||x|| := by
inner_bound

example (xy : H) : |Ix + y|l < [|Ix]| + |lyll :== by
inner_bound

example (xy : H) : -||x|| * |ly|| < inner Rxy := by
inner_bound

example (xy : H) (h: [|x|| < |lyll) : [IxIl * 2 < [lyll * 2 := by
inner_bound [h]
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inner_bound: MXAX4 (=)

example (xy: H) : inner Rxy + inner Ryx <2 * ||x|| * |ly|| := by
inner_bound [real_inner_le_norm x y, real_inner_le_normy x|

example (xyz: H): |lx +y +z|| < [IxI| + llyll + ||z]| := by
inner_bound [norm_add_le (x + y) z, norm_add_le x y]

example (x: H) (hx:x# 0) : 0 <||x|| :== by
inner_bound [norm_pos_iff.mpr hx]
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X R R4EEXGEH (—)

theorem km_descent_inequality_old
(T:H->H) (xy:H) (@:R)
(hT:Vuv:H,||Tu-Tv| < |lu-v|)
(hy:Ty=y)(ha:0<a):
[(1-a)ex+aeTx-y[|*"2<|x-y]|*2-a* (1-a)*||ITx-x||*2:=by
have h_contraction: || Tx-y|| < ||x - y|| := by
simpa only [hy] using hT xy
haveh_sq:||Tx-y||*2<||x-y||*2:=
pow_le_pow_left, (norm_nonneg _) h_contraction 2
have h_expand :
l(1-a)e(x-y) +ae(Tx-y)||"2=
(-a)*|lx-yll ~2+a* [Tx-yl~2-
a*(1-a)* |(Tx-y)-(x-y)ll " 2:=by
rw [« real_inner_self eq_norm_sq ((1-a) * (x-y) +
ae (Tx-y)), < real_inner_self_eq_norm_sq (x - y),
« real_inner_self eq_norm_sq (T x - y),
« real_inner_self eq_norm_sq ((Tx-y) - (x-y))]
simp only [inner_add_left, inner_add_right, inner_sub_left,
inner_sub_right, real_inner_smul_right, real_inner_comm]
ring
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X R R4 EXGEH (Z)

have h_step:(1-a)ex+aeTx-y=
(1-a)e(x-y)+ae(Tx-y):=by
module
have h_difference: (Tx-y) - (x-y) =T x-x:=by
abel
rw [h_step, h_expand, h_difference]
have h_weighted:a* ||ITx-y|| "2 <a™||x-y|]| " 2:=
mul_le_mul_of_nonneg_left h_sq ha
calc
@-a)*|Ix-yll"2+a* |ITx-yl"2-
a*(1-a)*||Tx-x||"2=
a*|ITx-yl[*2+(1-a)" [Ix-y[| " 2-
a*(1-a)*||Tx-x| »2:=byring
_<atx-yllr24+@-a) " Ix-yll "~ 2-
a*(1-a)*||Tx-x||"2:=
sub_le_sub_right
(by simpa [add_comm] using
add_le_add_left h_weighted ((1-a) * ||x-y|| * 2)) _
_=|x-yll*2-a*(1-a)*||Tx-x||*2:=byring
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theorem km_descent_inequality
(T:H->H) (xy:H) (@:R)
(hT:Vuv:H,||Tu-Tv| <|u-v|)
(hy:Ty=y)(ha:0<a):
[(1-a)ex+aeTx-y[|*"2<|[x-y]|*2-a* (1-a)*||ITx-x||*2:=by
have h_contraction: ||Tx-y|| < ||x - y|| := by
simpa only [hy] using hT xy
haveh_ sq:||Tx-y||*2<||x-y|| * 2:=by
inner_bound [h_contraction]
have h_expand :
I(1-a) s (x-y) +ae (Tx-y)[ " 2=
@-a)*flx-yll"2+a” ITx-y[| ~2-
a*(1-a)*||ITx-x||*2:=by
inner_norm
have h_step:(1-a)ex+aeTx-y=
(1-a)e(x-y)+ae(Tx-y):=by
module
rw [h_step, h_expand]
inner_bound [mul_le_mul_of nonneg_left h_sq ha]
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(innernorm | inner bound
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